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Abstract--In this paper, we study the semicycles of oscillatory solutions of the delay difference 
equation Yn+1 - Yn 4 -Pnyn-k  = O, where {Pn} is a sequence of nonnegative real numbers and k is a 
positive integer. Upper bound of numbers of terms of semicycles are determined in the case when 
v,>a, a< \V~-~/ ' 
i=n--k 
for I% ~ n O. 
Our results improve and complement known results in literature. © 2001 Elsevier Science Ltd. All 
rights reserved. 
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1. INTRODUCTION 
Consider the delay difference quation 
Yn+l-Yn+PnYn-k =0,  n = 0,1,2, . . . ,  (1) 
where {p~} is a sequence of nonnegative real numbers and k is,a positive integer. 
Recently, there has been much activity Concerning the oscillations of delay difference quations. 
See for example [1-17]. In particular, some sufficient conditions for oscillations of equation (1) 
have been established. In [8], Ladas, Philos and Sficas obtained the sufficient condition for the 
oscillation of all solutions of equation (1) 
n-1 ~ k ~k+l 
liminf ~ Pi > \k-+-T] " (2) 
i=n--k 
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When condition (2) does not hold, all solutions of (1) still may oscillate. In [17], Zhou proved 
that if 
Pn ( Z Pi]  (k + l) - k =co,  (3) 
n=no \ i=nq-1  / 
then every solution of (1) oscillates. 
Recently, Zhang and Zhou [18] first determine an upper bound of numbers of terms of semicycles 
of oscillatory solutions of (1) under the hypothesis 
E p' -> a > ~,~- ]  , for n > no. (4) 
i=n-k  
However, to the best of our knowledge, nothing has been done with the semicycles of solutions 
of delay difference quations when (4) does not hold. Our purpose in this paper is to give an 
estimate of numbers of terms of the semicycles of solutions of (1) under condition (3). Our results 
improve and complement known results in [18]. 
The following definitions can be found in [5,6]. 
DEFINITION 1. (See [5].) A solution {Yn} of equation (I) is said to osci//ate about zero or s imply 
to oscillate i f  the terms yn of  the sequence {y,} are neither eventually all posit ive nor eventual ly 
all negative. Otherwise, the solution is called nonoscillatory. 
DEFINITION 2. (See [6].) A posit ive semicycle of  a solution {Yn} of equation (1) consists of  a 
"string" of terms {y~, Y/+i,... ,  Ym}, all greater than or equal to zero, with l >_ -k  and m <_ co 
and such that 
either l = -k  or l > -k  and Yl-~ < 0 
and 
either m = co or m < co and Ym+l < O. 
A negative semicycle of a solution {yn } consists of a "string" of terms {yl, Yk+ 1,. • •, Ym }, all less 
than zero, with l > -k  and m < co and such that 
either l = -k  or l > -k  and yz-1 < 0 
and 
either m = co or m < oo and Ym+l < O. 
Clearly, an oscillatory solution of equation (1) must have infinitely many or a finite number of 
semicycles. 
2.  MAIN  RESULTS 
Throughout this section, we define a sequence {gj(a)} by 
gl(a)  = 2(1 - a) 2(1 - a) 
a2 , gj+l(a) = a2 + 2/g](a) '  
where 0 < a < 1. It is easily seen that for 0 _< a < 1, 
j = 1 ,2 , . . . ,  (5) 
LEMMA 1. 
g~+l(a) < 9~(a), j = 1, 2 , . . . .  
(See [17].) Let r > 0 be constant. Then it holds that 
[ 1 r -k  x >x+ r l / (k+l ) (k+l ) -k  , for x < k. 
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THEOREM 1. Assume that (3) holds and there exist two constants a (a < 1) and b such that 
n-1 
0<a< E Pi<-b' forn>no.  (6) 
i=n-k 
Let Yn be a solution of equation (1) on {no,no + 1,. . .  }. Then every negative semicycle of every 
eventually nontrivial solution of equation (1) has at most (2 + ma)k terms, and every positive 
semicycle of every eventually nontrivial solution of equation (1) has at most (2 + ma) k consecutive 
terms greater than zero, where 
m a 
N+lk / /  ~+k \l/(k+l) \ 
min l+ j l  EPn l (  E Pi] (k+l ) -k  ) />l, j>l -- -- n=N \ \ i=n+l  / 
> bk(1 - (gj(a))-l/k), for N > n0~.  
J 
(7)  
PROOF. Otherwise, without loss of generality, we assume that {y,,} is a solution of equation (1) 
satisfying Yn > 0 on {nl, nx + 1 , . . . ,  nl + (2 +ma)k} for any ni > no. Let ma = l* +j* .  From (7), 
we see that ma >__ 2 and 
Let 
N+l*k [ I n+k \ 1/(k+l) 
E ,o/(E ,,] 
n=N \ k i=n+l / 
(k + l)-k) _> bk(l-(gj.(a))-I/k), for N > no. (8) 
Yn - -  Yn+ lwn = , for n e {hi -t- k, nl q- k -1- 1 , . . . ,  nl + (2 + ma)k}. (9) 
Yn 
It is easy to see that 0 < Wn < 1 for n E {nl + k, nl + k + 1 , . . . ,  nl + (2 + ma)k}. From (9), we 
have Yn+l/Yn = 1 - Wn and 
n- I  
Y--~ = I] (i - ~,), Yn-k i=n-k for n E {nl -~- 2k, nl + 2k + 1 , . . . ,  nl + (2 + ma)k}. (I0) 
Thus, by (1) and Lemma 1, we have 
wn ' E PJ = Pn 
~kj=n+l i=n-k 
~pn (~ Wi "~- ( ~ PJ) l/(k'l-1) 
\~=~,k V=~+I 
for n E {nl + 2k, nl + 2k + 1,. . .  ,nl  -t- (2 -I- ma)k}. 
Let N1 = nl -I- 2k, then it follows that 
Nl+l*k n.-I-k N~+l*k n--1 
E > - 
re=N1 j=n+l n=N1 i=n-k 
Nl+l*k I [  n+k ~ 
n=N, \j=,~+l / 
(k  + 1) - k) , 
1/(k+1) 
(k  + l )  - k). (II) 
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By interchanging the order, we find 
Nz+l*k n-1 
E E w,-- 
n=Nz i=n-k 
Nz-l-(l*-l)k-1 i+k 
E Ew,p° 
i=Na n=i+l  
Nz+(l*-l)k-1 i+k 
E w iEPn= 
i=N1 n=i+l  
Nz+(l*-l)k-1 n+k 
n=Ni i=n+l  
From this, (6), and (11), it follows that 
Ni+l*k Nz+l*k n+k 
n=Nz+(l*-l)k n=Nz+(l*-l)k i=n+l  
Hence, from (10) and (12), we have 
N~+l*~ //,~+k \z/(k+l) \ 
E p" 11 E P') (k + 1) -k )  . 
n=Nz \k i=n+l  / 
(12) 
1 Nl+~*k [ / .+k \ 
YN~+'t* - l ' k  > 1 - -  n~N [ (  E pi] 
YNl+l*k+l -- ~ Pn 
= z \ \ i=n+l  / 
1/(k+l) -k  
(k+l ) -k ) )  (13) 
On the other hand, put for n < t < n + 1,n E {nl + 3k, nl + 3k + 1 , . . . ,nz  + (2 +ma)k},  
y(t) = yn + (Yn+x - y. ) ( t  - n), (14) 
and p(t) = Pn. Then y(t) is continuous and p(t) is piecewise continuous on [0, co). Clearly, 
y(n) = Yn. It is easy to prove that 
y'(t) + p(t)y([t - k]) = O, t _> O, (15) 
where [-] denotes the greatest integer function. In the following, for convenience, when we write 
an inequality without specifying its domain of validity, we assume that it holds for n < t < 
n + 1, n E {nl + 3k, nz + 3k + 1, . . . ,  nl + (2 + ma)k}. In view of (6), we can obtain 
f yl ' p(s) ds > a and p(s) ds > a. -k] Jt 
Thus, there exists a At E (t, [t + k]) such that ftx" p(s) ds = a. Let n* be a positive integer such 
that n* < At < n* + 1. Then 
f[~\t f [)~t] [)~t]-- 1 n*--I 
p(s) ds 37._. p, = p, > a p(s) ds 
,-k] J[~t-k] • i=[At]-k ,=n* -k  
It follows that [At - k] < t. Integrating both sides of (15) from t to At , we obtain 
f t  At y(t) - y(At) = p(s)y([s - k]) ds. (16) 
It is easy to see that [t - k] < [s - k] < [At - k] < t for s E [t, At]. Again integrating both sides 
of (15) from [s - k] to t, where s E [t, At], we get 
y([s - k]) - y(t) > p(u)y([u - k]) du. 
-k] 
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Noting the fact that y(t) is nonincreasing, we have 
p(u) au y([s - k]) > y(t) + y([t - k]) -kl 
{x: s } = y(t) + y([t - k]) -k] p(u) du - p(u) du 
>_ y(t) + y([t - k]) { a - /SP(u) du } • 
Substituting (17) into (16), we have 
y(t) = Y(At) + p(s)y([s - k])ds 
>_ y(At) + /~'P(S) {y(t) + y([t-k]) (a -e  /Sp(u)du)  } ds 
= y(),~) + ~y(t )  + a~y([ t  - kl) - y([t  - k]) e~ p(~)p(u)  du.  
(17) 
(18) 
Because 
we have 
8 
--_ -= p(u)p(s) du, 
= ~ J~ es p(u)p(s)d~ = ~ p(s) Us = -~. 
Substituting this into (18), we have 
a 2 
y(t) > y(~)  + ~y(t )  + - fy ( [ t  - k]). 
Noting that 
y(~t) > 0, fo rn<_t<n+l ,  nE{n l+3k ,  n l+3k+l , . . . ,n l+(2+m~- l )k} ,  
(19) 
by (19), we get 
for n <_t < n + l, 
y( [ t -  k]) 2(1 - a) 
< - -  = g l (a ) ,  y(t) ~2 
n e {nl + 3k, nl  -t- 3k + 1, . . . ,  n l  -~- (2 -~- ma - i )k}.  
(2o) 
Letting t --* n + 1, we get 
Yn------~k <gl(a), fo rne{n l+3k ,  n l+3k+l , . . . ,n l+(2+ma-1)k} .  (21) 
Yn+l 
When n < t < n + 1, n E {nl + 3k, nl + 3k + 1 , . . . ,n l  + (2 + ma - 2)k}, we easily see that 
n < )~t < n + 1, n e {nl + 3k, nl + 3k + 1 , . . . ,  nl + (2 + ma - 1)k}. Thus, by (20), we have 
1 
fo rn<t<n+l ,  nE{n l+3k ,  n l+3k+l , . . . ,n l+(2+ma-2)k} .  
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Since y(t) is nonincreasing, we get 
1 1 1 
yl~) gi(u) 
Substituting (22) into (19), we have 
1 a 2 
y(t) > g-T~y([t  - k]) + ~y(t) + Ty( [ t  - k]), 
fo rn<t<n+l ,  nE{n l+3k ,  n l+3k+l , . . . ,n l+(2+ma-2)k} .  
Therefore, 
for n < t < n + l, 
y( t -  k) < 2(1 - ~) 
y(t) " ~2 + 2/g~(~) - g2(a), 
n E {nt + 3k, nl +3k+ 1 , . . . ,n t  + (2 +ma - 2)k}. 
By using induction, we may prove that 
y([t - k]) 2(1 - a) 
< = gj. (a), 
y(t) 6 2 ~- 2/(g2._l(a)) 
for n _< t < n+ 1, n E {hi + 3k, nl + 3k + 1 , . . . ,n l  + (2 +ma - j * )k} .  
Letting t--,  n + 1, we get 
Yn-___~k < g~(a), 
Yn+l 
for n E {nl + 3k, nl + 3k + 1, . . . ,  nl + (2 + ma - j*)k}. 
Setting n = nl T (2 -I- ma - j * )k  = nl + (2 + l*)k = N1 + l*k in (23), we obtain 
YN,+(l*-l)k. < gJ" (a). 
YNl+l*k+l 
From (13) and (24), we get 
1 Nl+l'k / / n+k \ 1/(k+1) ) )  
= \ \ i=n+l / 
-k 
< gr  (a), 
i.e.~ 
Nl+l*k I / n-t-k \ 1/(k-{-1) / 
n=N1 ki=n+l / 
which contradicts (8). Hence, the proof is complete. 
EXAMPLE 1. Consider the delay difference quation 
< bk (1 -(g.(a))- ' / ' ) ,  
Yn+l - -Yn+PnYn- t  =0,  n = 0,1 ,2 , . . . ,  
where P0 -- 0.8, P l  = 0.24, Pn+2 -- Pn, for n -- 0, 1, 2 , . . . ,  and k = 1. Clearly, 
l iminfp~ = 0"24 < (~+ 1 /k+l  ,-~oo and limsuppn = 0.8 < 1. 
n--*OO 
(22) 
(23) 
(24) 
(25) 
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Hence, conditions (2) and (4) do not hold. It  is easy to see that 
a = 0.24 < Pn <- 0.8 = b. 
Let 
N+l 
n=N 
for N > 0. 
Then 
f~ = 0.173. . . ,  f2 > 0.157.. . ,  f3 = 0.346.. . ,  f4 > 0.330.. . ,  f5 = 0.519. . . ,  
f6 >- 0.503. . . ,  f7 = 0.692.. . ,  fs - 0.676.. . ,  f9 = 0.865.. . ,  f l0-> 0.849. . . ,  
bk(1 - gl(a) -1) = 0.769.. . ,  bk(1 - gz(a) -1) = 0.768.. . ,  bk(1 - ga(a) -1) = 0.768 . . . .  
Therefore, ma = 9 + 1 = 10. By Theorem 1, we see that every negative semicycle of every 
eventually nontrivial solution of (25) has at most 12 terms and every positive semicycle of every 
solution of (25) has at most 12 consecutive terms greater than 0. But the results in [18] can not 
be applied to this equation. 
In the following, we use the example in [18] to show that Theorem 1 improves the results in [18]. 
EXAMPLE 2. Consider the delay difference quation 
n+4 
yn+l - yn + ) 3  ------~y'n-25(n + = 0, n = 0, 1, 2 , . . . ,  (26) 
where Pn = (n + 4)/5(n + 3), k = 2. It is easy to see that 
1 4 
a= g < p,~ <_ -~ =b. 
Let 
Then 
N+2l 
:, -- V_ .o (. -.), 
n=N 
for N > 0. 
By a simple calculation, we see that 
-fl __> 0.1262.. . ,  f2 -> 0.2104... ,  f3 = 0.2945.. . ,  f4 >__ 0.3787.. . ,  f5 ---- 0.4629.. . ,  
, - _  , 
bk (1 - g3(a) -1/2) : 0.3085.. . ,  
bk( l -g4(a)  -V2) = 0.3033 . . . .  bk(1 -gs (a )  - ' /2)  = 0.3002 . . . .  
Therefore, ma = 4 + 1 = 5. This improves the result in [18], m,  = 8. 
Hence, by Theorem 1, we see that every negative semicycle of every eventually nontrivial 
solution of (26) has at most 14 terms and every positive semicycle has at most 14 consecutive 
terms greater than 0. 
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